INTRODUCTION
The thickness of a liquid film grown under complete wetting conditions on a substrate is an important parameter in many areas of condensed matter physics, especially for surface science studies. Under thermodynamical equilibrium conditions the thickness of a liquid film can be changed by variation of its vapour pressure, P . When there is no saturation of the vapour pressure the thickness of the adsorbed film is usually very thin (a few monolayers). In the other case, i.e., when there is coexistence with its saturated vapour pressure, P sat , the film thickness, d, is dependent on the distance h of the bulk liquid level to the surface of the substrate, see Fig. 1a .
The existing description of the dependence d(h) ≡ d vdW (h), under ideal saturation conditions (i.e., substrate is flat and infinite) [1] [2] [3] [4] , deals with the competition between van-der-Waals (vdW) and gravitational forces, the transition from the non-retarded to the retarded regime occurs, m is the mass of an adsorbent atom (or molecule), g is the acceleration due to gravity, and κ = ρg/σ lv is the inverse capillary length, where ρ is the density and σ lv the surface tension of the adsorbed liquid. The inequality κ|h| > 1 avoids the divergency of d when h → 0. The definition of h corresponds to Fig. 1a .
The interpolation between non-retarded and retarded regime was proposed by Putterman [3] . Such an ideal dependence in the film growth is confirmed by experiments [5] where liquid 4 He has been used as adsorbent and cleaved crystals as substrates, which should provide an atomically flat surface. There are many additional measurements (see Ref. [4] ), where different preparation techniques and materials have been used. However, we do not know any example in literature, where the contribution of the substrate roughness to the thickness of saturated van-der-Waals films is discussed quantitatively. So far, the existing discussions deal with liquid films under unsaturated vapour pressure conditions only (see [6] [7] [8] [9] ).
Here we investigate the influence of substrate roughness on the thickness of an adsorbed liquid film, which is in coexistence with its saturated vapour pressure. We derive a model which describes this influence and compare it with measurements of the thickness of liquid 4 He films adsorbed on Ag substrates with different roughness.
THEORETICAL DESCRIPTION
We consider surface perturbations which can, on one hand, arise due to intrinsic substrate roughness (e.g. on gold and silver surfaces) and, on the other hand, by accumulation of dust particles (see Fig. 1b ). This statement is supported by AFM measurements which were carried out on Au surfaces used in cryogenic experiments [10] . Since we assume these substrates not to be necessarily simple periodic, we treat each perturbation, δ i (x), as a fourier sum of j components. Therefore, we get for the shape of the substrate, δ(x) = i δ i (x), the following relation:
Furthermore, we assume for simplicity δ i (x) = δ i (−x). The same relation is applied for the y-direction without a correlation between x and y. The factor N reflects the number of possible surface perturbations. In the discussion below, it will be either N = 1 or N = 2 (depending on the substrate).
The profile d(x, h) of a liquid film on a rough substrate can now be calculated from generalisation of Eq. (1), see Refs. [11, 12] ,
The thickness d(x, h) is defined to have the same zero level as the roughness δ(x). V a is the volume of a single adsorbent atom (or molecule). The local approximation for the non-uniform problem, i.e., the second term on the l.h.s. of Eq. (3) is not correct in general. Therefore, we have to take into account a non-local correction via renormalisation of δ ij (see [12, 13] ),
where K 2 (x) is the modified Bessel-function
If d < d and ∇d < 1 (which corresponds to our experimental situation, where δ i λ i ), Eq. (3) can be simplified to
After introduction of d(x, h) = d vdW (h) + ζ(x, h
) and simple manipulation with (5), we have 
we get for the expansion of Eq. (6) to the lowest non-linear terms (j = 1; which turns out to be sufficient to describe our experimental data, see below)
To be consistent with the non-local predictions, the results (8) and (9) have to be connected, see Eq. (4), using δ ij → δ ij qd 2 K 2 (qd). The obtained result (9) is the necessary correction describing the change in d(h) due to a surface corrugation with finite amplitude δ(x) = 0.
EXPERIMENTAL OBSERVATIONS
To investigate the influence of substrate roughness on the equilibrium thickness of an adsorbed film, and to verify the above predictions, we have measured the thickness of a growing liquid 4 He film on different silver substrates. Hereby the thickness of the adsorbed helium layer was varied over a wide range by varying the distance −h between the liquid helium level and the substrate, which is measured with a cylindrical capacitor. The experiments are performed at 1.4 K. As experimental technique we used a surface plasmon resonance setup which allows the film thickness measurement of the adsorbed helium layer with a resolution of about 1Å, see Ref. [14] . For details of the experimental setup see, e.g., Ref. [15] .
In Fig. 2 we show the growth of a helium film for two different Agsubstrates starting from a bulk level (h ≈ −6.2 cm) and finishing at the level h ≤ −0.1 cm, corresponding to the requirement d −h. One of these substrates is assumed to be very smooth, since it was prepared under relatively clean conditions. This assumption is confirmed by the good agreement between the film thickness data and Eq. (1), which describes the adsorption on ideal surfaces. Only a small extrinsic roughness contribution is necessary to explain the experimental data within the error of measurement, corresponding to N = 1, where N is from Eq. (2). The second substrate has been exposed to air for a longer period, causing contamination by dust particles, and is therefore assumed to have a pronounced surface roughness. Indeed, the film thickness data show a large deviation from Eq. (1). Therefore, the theoretical description for this substrate has to include the influence of roughness as presented in Eq. (9) −0.5 µm. In both cases, good agreement with the experimental data is found. The values obtained from the AFM studies mentioned in the beginning [10] are similar to those used for δ ij and λ i within our analysis.
CONCLUSIONS
We have investigated the growth dependence of adsorbed liquid helium on Ag-substrates with different roughness as function of the distance between the bulk liquid level and the surface of the substrate, which is above the bulk level. Calculations of the thickness of such films taking the surface roughness of the substrate into account are presented. These calculations contain both the influence of an intrinsic roughness of the underlaying substrate and an extrinsic roughness as produced, e.g., by the contamination of the substrate with dust particles. The calculations are confirmed by measurements of equilibrium saturated liquid helium films adsorbed on silver.
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